Abstract. It is well-known that a knot in a contact manifold (M, C) transverse to a trivialized contact structure possesses the natural framing given by the first of the trivialization vectors along the knot. If the Euler class e C ∈ H 2 (M ) of C is nonzero, then C is nontrvivializable and the natural framing of transverse knots does not exist.
Introduction
We work in the smooth category. Throughout this paper M is a (not necessarily compact) oriented 3-dimensional Riemannian manifold, and C is an oriented 2-dimensional subbundle of T M .
C is called a contact structure if it can be locally presented as ker α, for some 1-form α with α ∧ dα = 0. All contact manifolds (M, C) have the natural orientation given by α ∧ dα. The contact Darboux Theorem says that every contact 3-manifold is locally contactomorphic to R 3 = (x, y, z), ker(ydx − dz) . The charts where (M, C) is contactomorphic to R 3 = (x, y, z), ker(ydx − dz) are called Darboux charts. If C can be globally presented as ker α with α ∧ dα = 0, then it is called a cooriented (transversally oriented) contact structure. In this paper all the contact structures are assumed to cooriented.
A curve in M is an immersion of S 1 into M . A framed curve in M is a curve equipped with a continuous unit normal vector field. A transverse curve in (M, C) is a curve that is nowhere tangent to the planes of C. In the case where C is a contact structure the curves that are everywhere tangent to C are called Legendrian. A homotopy of ordinary, framed, transverse, or Legendrian curves is a path in the corresponding space of curves.
A knot (resp. framed knot, resp. transverse knot) in (M, C) is an embedding (resp. framed embedding, resp. transverse embedding) of S 1 . In the case where C is contact we define Legendrian knots as Legendrian curves that are embeddings. An isotopy of ordinary, framed, transverse, or Legendrian knots is a path in the corresponding space of curves that consists of smooth embeddings. Ordinary, framed, transverse, and Legendrian knots are studied up to the corresponding isotopy equivalence relation. It is a classical fact that if the 2-plane bundle C is trivialized, then every transverse curve γ has a natural framing given by the unit normals corresponding to the projections of the first vectors of the trivialization of C along γ to the 2-planes orthogonal to the velocity vectors of γ.
Clearly, if two transverse knots are not homotopic, then they are also not isotopic. Thus the natural question of the transverse knot theory in contact manifolds with trivialized C is to find and study examples of (transverse homotopic) transverse knots that are not isotopic as transverse knots even though they realize isotopic framed knots. First such examples of transverse knots in the standard contact R 3 were constructed recently in the ground breaking works of J. Birman and W. Menasco [3] and of J. Etnyre and K. Honda [13] .
What should transverse knot theory study when C is not trivializable? On the first glance, since there is no way to assign a framing to a transverse knot, it should study examples of (transverse homotopic) transverse knots that are not isotopic as transverse knots even though they are isotopic as unframed knots.
We show that, in a sense, the natural framing of transverse curves is still welldefined for a vast collection of (M, C) with non-trivializable C, see Theorem 2.3.1. This means that after we choose a framing for a transverse knot K, we get the natural mapping from transverse to framed isotopy classes of knots for all transverse knots that are homotopic to K as transverse curves. We call such a mapping a relative framing.
Thus for the cases where relative framing is defined the natural question of the transverse knot theory should be once again to distinguish transverse knots that realize isotopic framed knots. In particular, when C is contact we construct a vast collection of transverse knots that are different as transverse knots but are not distinguishable by the previously known invariants. The relative framing, when it is defined, provides an alternative definition of the Bennequin invariant of zerohomologous transverse knots in contact (M, C) with non-trivializable C, see 2.3.3. The previously known definitions of the Bennequin invariant in the case of nontrivializable C, see for example [12] , were dependent on the choice of the relative homology class in the knot complement. The only ambiguity in our construction of the Bennequin invariant is the choice of an additive constant for each homotopy class of transverse curves.
A recent result of the author [5] is that the groups of Vassiliev-Goussarov invariants of framed knots and of knots transverse to a contact structure C are canonically isomorphic when C is trivialized, and hence transverse knots have the well-defined natural framing. This appears to be also true whenever relative framing of transverse knots is well-defined.
Relative framing
Everywhere below we denote by C a connected component of the space of unframed curves in M . (As it follows from the Smale-Hirsch h-principle, connected components of the space of curves in M are naturally identified with the conjugacy classes of π 1 (M ), see 2.4.3.) 2.1. Covering pr : F → C. (In the presentation of the covering pr : F → C, that was introduced in the first version of this text we follow our work [7] .) Let F ′ be the subspace of the space of framed curves in M that consists of all framed curves realizing curves from C if we forget the framing. (In fact it is possible to show that this subspace consists of two connected components of the space of framed curves in M .) Put pr ′ : F ′ → C to be the forgetting of the framing mapping. Let p : F ′ → F be the quotient by the following equivalence relation: f
if there exists a path q :
. (This means that we identify two framed curves if the nonzero sections of the normal bundle to the curve induced by the framings are homotopic as nonzero sections.) Put pr : F → C to be the mapping such that pr •p = pr ′ .
Lemma 2.1.1 (see [7] ). pr : F → C is a regular covering with a structure group Z. The mapping δ : 
The proof of the Lemma is straightforward. Definition 2.1.2 (of isotopic knots from F , see [7] ). Let K 0 , K 1 ∈ F be such that pr(K 0 ) and pr(K 1 ) are knots (embedded curves). Then K 0 and K 1 are said to be isotopic if there exists a path q : [0, 1] → F such that q(0) = K 0 , q(1) = K 1 , and pr •q is an isotopy of unframed knots. Lemma 2.1.1 implies that framed knots K f,0 , K f,1 ∈ F ′ are framed isotopic if and only if p(K f,0 ) and p(K f,1 ) are isotopic in F .
The following Theorem 2.1.3 that was proved by us in [7] was first stated (for compact manifolds and in a different formulation) by Hoste and Przytycki [20] . They referred to the work [24] of McCullough on mapping class groups of 3-manifolds for the idea of the proof of this fact. However to the best of our knowledge the proof of this fundamental fact was not given in literature. The proof we provide in [7] , see Theorem 2.0.5, is based on the ideas and methods different from the ones Hoste and Przytycki had in mind. (In the case of [K] = 0 ∈ H 1 (M ), the statement of Theorem 2.1.3 is obvious because the self-linking invariant of a zero-homologous framed knot is well-defined.) 
Then i·K is not isotopic in F to K for any nonsingular knot K and any i = 0. (Here · denotes the action of the structure group Z of the regular covering pr : F → C.) 2.2. Covering pr T : F T → T and relative framing. Let (M, C) be an oriented 3-manifold equipped with an oriented 2-plane bundle C and let T ⊂ C be a connected component of the space of transverse to C curves. Let F T be the space that consists of pairs (τ, φ), where (τ : S 1 → M ) ∈ T and φ is a homotopy class of a nowhere zero section of τ * (C). 
Then the stabilizer of the set of connected components of F T is a subgroup m T Z ⊂ Z.
The proof of this Lemma is straightforward. To get that m T Z ⊂ Z is the stabilizer one uses the obstruction theory interpretations of the Euler class and of the relative Euler class. (Recall that the relative Euler class is the obstruction for the existence of a nonzero extension of a nonzero section of a bundle given over manifold's boundary ∂N to the whole manifold N .) Definition 2.2.2 (of relative framing). For transverse curves in (M, C) the normal bundle to a curve (τ : S 1 → M ) ∈ T can be canonically identified with the pull back τ * (C) of C. Thus pr T : F T → T is the restriction of pr : F → C to T ⊂ C. By Lemma 2.2.1 the quotient covering pr T :
that is uniquely defined modulo the choice of its value on a point of T . We call such a section a mod m T relative framing. In particular, if m T = 0, then pr T : F T → T has a section F : T → F T and we call this section a relative framing.
We define an isotopy in F /(m T Z) to be a path that projects to an isotopy in C.
The relative framing is a very powerful transverse knot invariant, since if for K 1 , K 2 ∈ T and a relative framing F mT , the knots F mT (K 1 ) and F mT (K 2 ) are not isotopic in F /(m T Z), then K 1 and K 2 are clearly not isotopic as transverse knots from T .
2.3.
Examples of relative framings. The classical framing invariant of transverse to C knots is (M, C) is defined for trivialized C. Thus it is impossible to define when the Euler class e C of C is nonzero, and hence C is nontrivializable. Below we give many examples of (M, C) with e C = 0 for which the relative framing exists for all the connected components T of the space of transverse to C curves in (M, C).
Recall a few basic definitions. A contact structure is said to be overtwisted if there exists a 2-disk D embedded into M such that the boundary ∂D is tangent to C while the disk D is transverse to C along ∂D. Not overtwisted contact structures are called tight . Overtwisted contact structures are easy to construct, see Lutz [22] . A result of Eliashberg [10] says that every oriented 2-plane distribution in T M is homotopic to an overtwisted contact structure. Tight contact structures on the contrary are quite hard to construct and their classification is one of the main current goals of the 3-dimensional contact topology.
A manifold M is said to be irreducible if every embedded 2-sphere in M bounds a ball. A closed orientable 3-manifold is said to be atoroidal if for every mapping µ :
Theorem 2.3.1. Let (M, C) be such that at least one of the following three conditions hold:
) is an element of finite order (C is not necessarily contact);

2: M is closed irreducible and atoroidal, in particular if M is closed and admits a Riemannian metric of negative sectional curvature (C is not necessarily contact); 3:
C is a tight contact structure; then for all the connected components C and all T ⊂ C there exists a relative framing
Using the results of Eliashberg [10] and Lutz [22] it is rather easy to show that for every α ∈ H 2 (M ) there exists an overtwisted cooriented contact structure C on M with e C = 2α, see for example [5] . This allows one to construct many examples of contact manifolds (M, C) that satisfy all the conditions of Theorem 2.5.1.
Proof. The proof of Theorem 2.3.1 is based on the observation that it suffices to show that f
Then it is automatically true for those f that satisfy an extra condition f S 1 ×s0 ∈ T , for all s 0 ∈ S 1 . Hence by Lemma 2.2.1 m T = 0, for all C and T ⊂ C. If e C is an element of finite order, then e C (α) = 0 for all α ∈ H 2 (M, Z). Thus
and this proves the Theorem in the case of condition 1.
The Theorem of Gabai (see [16] Corollary 6.18) implies that every α ∈ H 2 (M ) that is realizable by a mapping of S 1 ×S 1 can be realized by a collection of embedded spheres and tori. Eliashberg [9] proved that e C vanishes on all embedded tori and spheres, provided that C is tight. Combining the results of Gabai and Eliashberg we get that f
and not only for embeddings). This proves the Theorem in the case of condition 3.
Since e C takes zero value on any surface realizing a homology class that is in the torsion of H 2 (M ), we get that to prove the Theorem in the case of condition 2 it suffices to show that if M is closed irreducible and atoroidal, then
.) Thus to prove the Theorem it suffices to show that for every f :
. The Sphere Theorem, see for example [19] , says that π 2 (M ) = 0 for irreducible M , and the elementary obstruction theory implies that homotopy classes of maps f :
be the classes of the meridian S 1 × 1 and the
(Here we regard S 1 as {z ∈ C |z| = 1}.) Since M is atoroidal, we get that there exist i, j ∈ Z, with at least one of them nonzero, such that f * (m) i f * (l) j = 1 ∈ π 1 (M ). Assume that both i and j are nonzero. Let p :
, and then f • p is homotopic to a mapping that passes through some γ :
is an element of finite order.
Consider the case where i = 0 and j = 0. (The case of j = 0 and i = 0 is treated in the same way.) Let p :
, and then f • p is homotopic to a mapping that passes through a projection of
The fact that every closed manifold M with a Riemannian metric of negative sectional curvature is irreducible follows from the Hadamard and the Sphere Theorems, see for example [8] and [19] . The fact that such M is atoroidal is an immediate consequence of the Preissman Theorem, see for example [8] .
2.3.3.
Bennequin invariants for transverse knots in tight contact (M, C) with nontrivializable C. Clearly the relative framing can be used to define the self-linking number of a zero-homologous transverse knot K which is the famous Bennequin invariant β(K). (The homology definition of the self-linking invariant does not work unless [K] = 0 ∈ H 1 (M ), but it is possible to define various affine generalizations of the self-linking invariant for nonzero homologous framed knots, see our work [7] .) The Bennequin invariant β = β F defined this way depends on the choice of the relative framing F : T → F used to define β, but β F1 − β F2 is a constant function on transverse knot isotopy classes of transverse knots from T , for any two relative framings
The previously known way, see for example [12] , to define the Bennequin invariant of a zero homologous transverse knot K in (M, C) with e C = 0 is described below. Take a Seifert surface Σ K of K. Define the self-linking number of K using the framing of K given by vectors in contact planes along C such that the section of C over ∂Σ K = K given by these vectors extends to a nonzero section of C over Σ K . Since e C = 0, it is clear that for a transverse knot K this definition of the Bennequin invariant of a knot K does depend on the choice of the relative homology
The other drawback of this definition is that it is not clear how to identify relative homology classes for two different transverse knots, and thus it is not clear how to appropriately compare the values of Bennequin invariants for two different transverse knots.
Our definition of the Bennequin invariant has much less ambiguity and allows one to compare the values of Bennequin invariants for two transverse knots inside T .
2.4.
Some useful facts about transverse curves and relative framings.
2.4.1. h-principle for transverse curves. For a topological space X we denote by Ω X the space of free loops in X.
Let (M, C) be a contact manifold and let T M \ C be the topological space that is T M with the contact subbundle cut out. The h-principle for transverse curves proved by M. Gromov [18] p.84, see also [11] Section 14.2, says that the space of transverse curves in (M, C) is weak homotopy equivalent to Ω T M\C . The equivalence is given by mapping a point t of S 1 that parameterizes a transverse curve τ to the point of T M \ C that corresponds to the velocity vector of τ at τ (t).
If the contact structure is cooriented, then T M \ C is homotopy equivalent to M × S 0 , and thus the space of transverse curves in such (M, C) is weak homotopy equivalent to Ω M×S 0 . Identify S 0 with {−1, 1}. Then the equivalence is given by mapping a point t of S 1 that parameterizes a transverse curve τ to τ (t) × {1}, provided that the velocity vectors of τ point in the direction of coorienting halfspaces (the ones where the 1-form α from the definition of a cooriented contact structure is positive); and by mapping it to τ (t) × {−1}, otherwise.
2.4.2.
The Hirsch-Smale h-principle for immersed curves, see for example [18] , says that the space of immersed curves in M is weak homotopy equivalent to Ω ST M , where ST M is the total space of the unit tangent bundle ST M → M . From the homotopy sequence of the locally trivial S 2 -fibration ST M → M we get that the set of connected components of the space of curves in M is identified with the set of connected components of Ω M .
Combining the h-principles for curves and transverse curves we get the following proposition.
Proposition 2.4.3. The set of connected components of the space of curves in M is naturally identified with the conjugacy classes of π 1 (M ). Let C be a cooriented contact structure on M , then every connected component C of the space of curves in M contains precisely two connected components of the space of transverse curves in (M, C). The two connected components are distinguished by whether the orientation of an (immersed) transverse curve points in the direction of the coorienting C halfspace of T M \ C or not.
Description of transverse curves. Identify a point (x, y, z) ∈ R
3 with the point (x, z) ∈ R 2 furnished with the fixed direction of an unoriented straight line through (x, z) with the slope y. Then the curve in R 3 can be presented as a one parameter family of points with non-vertical directions in R 2 . Let α = ydx − z be the standard contact form on R 3 . Clearly the curve in R 3 is transverse to the contact structure ker α if and only if its projection to (x, z)-plane is never tangent to the direction field along itself. For example, following [14] we observe that the knot in Figure 1 is not transverse. (Since we project to the (x, z)-plane the standard orientation conventions imply that at the crossings the strands with a larger value of y-coordinate are located below.) 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 0 0 0 1 1 1 00 00 11 11 00 00 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 00 00 00 11 11 11 00 00 11 11 00 00 11 11 00 11 000 111 000 111 000 111 000 111 00 11 000 111 00 11 000 000 111 111 00 00 11 11 000 000 111 111 000 111 00 11 00 11 00 11 00 00 11 11 000 111 000 000 111 111 000 000 111 111 00 00 11 11 000 111 00 11 00 00 11 11 000 000 111 111 0 0 0 1 1 1 00 00 11 11 00 00 11 11 00 00 11 11 00 00 11 11 000 111 000 000 111 111 00 11 0 0 1 1 00 11 00 11 000 111 00 11 000 111 000 000 111 111 00 00 11 11
Figure 1
Following Fuchs and Tabachnikov [14] we observe that the isotopy class of transverse knots in (R 3 , ker α), whose velocity vectors point in the direction of α > 0, is determined by a standard regular knot diagram with over and under passes, with two extra conditions (determined by the fact that the curve should be transverse to the non-vertical direction field):
1: the knot diagram should be free of vertical tangents directed upward; 2: if at the crossing the upward vertical direction lies inside of the angle formed by the two oriented tangent lines to the strands, then the strand directed to the upper-right corner is lower than the strand directed to the left-upper corner.
The two forbidden fragments are shown in Figure 2 . For example, see [14] , the diagram 3 is a valid diagram of a transverse trefoil knot.
Transverse knots, whose velocity vectors point in the direction of α < 0, can be described in the similar way with all the orientations of the strands in the forbidden fragments changed to the opposite. 
Proof. Clearly K 0 and K 1 realize isotopic unframed knots. They belong to the same component of the space of transverse curves, since Figure 5 shows how to deform one of them into the other in the class of transverse curves.
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Let F : T → F T be a relative framing. It is easy to see that
, where · denotes the action of the structure group Z of the covering pr : F → C, see Lemma 2.1.1. If K 0 and K 1 are isotopic transverse knots, then F (K 0 ) and F (K 1 ) are isotopic in F . Thus we get that
For M = (S 1 × S 2 )#M ′ the last statement contradicts to Theorem 2.1.3 and thus K 0 and K 1 are nonisotopic transverse knots in contact (M, C).
If K 0 and K 1 are zero homologous knots, then we use the relative framing F : T → F to define the Bennequin invariant β F (also known as the self-linking number invariant) of K 0 and K 1 . Since β F (K 0 ) = β F (K 1 ), we get that K 0 and K 1 are nonisotopic transverse knots. Remark 2.5.2. Since the contact structure in Theorem 2.5.1 is not trivializable it is impossible to define the classical mapping from transverse to framed knots given by the first vector of trivialization of C. Since K 0 and K 1 are isotopic as unframed knots they are not distinguishable by the classical knot invariants and we see that the relative framing is indeed a very powerful invariant of transverse knots in contact (M, C) with e C = 0.
Vassiliev-Goussarov invariants of knots transverse to a contact structure
Fuchs and Tabachnikov proved [14] that for the standard contact R 3 the groups of C-valued Vassiliev invariants of transverse knots and of framed knots are canonically isomorphic. Their proof was based on the existence of the Kontsevich integral [21] universal Vassiliev invariant of framed knots in R 3 . The Kontsevich integral was shown to exist in the case of C-, R-, and Q-valued Vassiliev invariants and in the case of M being an oriented total space of an R 1 -bundle over an oriented surface F with ∂F = ∅ by Andersen, Mattes, Reshetikhin [1] (In the case of M that is the product of an annulus and R 1 the first proof is due to Goryunov [17] .) For other manifolds or for Vassiliev invariants with values in other abelian groups the Kontsevich integral is not known to exist.
In [5] we showed that in all the cases where the cooriented contact structure is trivialized (and hence all transverse knots in (M, C) have the natural framing) the groups of Vassiliev invariants of transverse and of framed knots with values in any abelian group are canonically isomorphic. (Similar results about Vassiliev invariants of framed, Legendrian, and pseudo-Legendrian knots were obtained by us in [5] and [6] .) In this work we show that the groups of Vassiliev invariants of transverse and of framed knots are canonically isomorphic in all the cases when transverse knots have a relative framing.
Below we recall some basic definitions from the theory of Vassiliev invariants. (In our exposition of the definitions we follow [14] , [5] , and [6] .)
A singular (framed) knot with n ≥ 0 double points is a curve (framed curve) in M whose only singularities are n transverse double points. An isotopy of a singular (framed) knot with n double points is a path in the space of singular (framed) knots with n double points under which the preimages of the double points on S 1 change continuously. In a similar way we define singular transverse knots with n double points in the contact manifolds (M, C) and singular knots with n double points from F . In the last case an isotopy of a singular knot from F is a path in F that projects to an isotopy of the corresponding singular knot from C.
A transverse double point d of a singular knot can be resolved in two essentially different ways. A resolution of a double point is called positive (resp. negative) if the tangent vector to the first strand, the tangent vector to the second strand, and the vector from the second strand to the first strand form the positive 3-frame. (This does not depend on the order of the strands). A singular framed (resp. transverse, resp. from F ) knot K with (n + 1) transverse double points admits 2 n+1 possible resolutions of the double points. The sign of the resolution is put to be + if the number of negatively resolved double points is even; and it is put to be −, otherwise. Let A be an abelian group, and let x be an A-valued invariant of framed (resp. transverse, resp from F ) knots. The invariant x is said to be a Vassiliev invariant if there exists a nonnegative integer n such that for any singular knot K s with (n + 1) transverse double points the sum (with appropriate signs) of the values of x on the nonsingular knots obtained by the 2 n+1 resolutions of the double points is zero.
(Vassiliev invariants are often also called Vassiliev-Goussarov invariants or finite order invariants.)
A Vassiliev invariant is said to be of order not greater than n (of order ≤ n) if n can be chosen as the integer in the definition above. The group of A-valued finite order invariants has an increasing filtration by the subgroups of the invariants of order ≤ n.
Let T be a connected component of the space of transverse curves in (M, C) such that transverse knots from F admit a relative framing F : T → F T ⊂ F. Let F 0 be the component of F that contains Im F and let F ′ 0 be the corresponding component of the space of framed curves.
One easily proves the following Proposition. Fuchs and Tabachnikov [14] have introduced an operation of addition of a transverse double loop to a transverse knot, shown in Figure 4 . We call an addition of i such double loops to a transverse knot K an i-stabilization and denote it by K i . Fuchs and Tabachnikov [14] proved that if K 1 , K 2 are transverse knots (in the standard contact R 3 ) that are isotopic as unframed knots and homotopic as transverse immersions, then there exist i, j ∈ N such that K i 1 and K j 2 are isotopic transverse knots. They also showed that if i and j can be chosen to be equal, then C-valued Vassiliev invariants of transverse knots do not distinguish K 1 and K 2 .
As it was later observed by Fuchs and Tabachnikov [15] the proof of this statement in fact goes through for Vassiliev invariants with values in any abelian group A and for all contact manifolds (M, C) with a cooriented contact structure. The standard contact structure on R 3 is trivialized and the 1-stabilization decreases the self-linking number of the naturally framed transverse knot by two. Thus if K 1 and K 2 realize isotopic framed knots in R 3 , then i and j automatically have to be equal. If M = R 3 , then knots are not necessarily zero-homologous and the self-linking invariant of framed knots is not well-defined.
In [5] we showed that if Vassiliev invariants do not distinguish Legendrian (resp. transverse) knots that are isotopic as framed knots, then the groups of Vassiliev invariants of Legendrian (resp. transverse) and of framed knots are canonically isomorphic. This statement would have being obvious provided that every framed knot was realizable by a Legendrian (resp. transverse) knot. However the famous Bennequin inequality shows that this is not so even for the standard contact R 3 . A straightforward verification shows that the same fact is true for Vassiliev invariants of transverse knots from T and of knots from F 0 .
Thus the only thing we have to show is that if transverse knots K 1 , K 2 ∈ T are such that F (K 1 ) and F (K 2 ) are isotopic in F 0 , then i and j such that K are transverse isotopic can be chosen to be equal.
If M does not contain embedded non-separating spheres (or which is the same M is not realizable as a connected sum M = (S 1 × S 2 )#M ′ ), then the proof is very elegant. Namely since K to (−2i) · F (K 1 ), and F (K j 2 ) is isotopic (in F ) to (−2j) · F (K 2 ). (Here · denotes the action of the structure group Z of the covering pr : F → C, see Lemma 2.1.1.) Since pr : F → C is a regular covering, we get that F (K 1 ) is isotopic (in F ) to 2(i − j)F (K 1 ). Theorem 2.1.3 implies that i = j and the proof is finished.
Below we provide the proof without the assumption that M = (S 1 × S 2 )#M ′ . Let I : [0, 1] → F be an isotopy between F (K 1 ) and F (K 2 ). One verifies that for i big enough the isotopy I of transverse knots K i 1 and K j 2 constructed by Fuchs and Tabachnikov [14] can be chosen so that:
1: the isotopies pr(I) and I are C 0 -close; and moreover 2: for every t ∈ [0, 1] the unframed knot pr(I(t)) is C 0 -close isotopic to the unframed knot I(t) inside of the tubular neighborhood of I(t) which is a thin knotted solid torus T t ⊂ M . For two framed knots that are isotopic to each other as unframed knots inside of T t there is a Z-valued obstruction to be isotopic to each other as framed knots inside of T t . This obstruction is the difference between the self-linking numbers of the two knots in the standard solid torus in R 3 defined via some identification between the knotted solid-torus T t ⊂ M and the standard solid torus in R 3 . One verifies that even though the two self-linking numbers do depend on the choice of an identification between T t ⊂ M and the standard solid torus in R 3 , the difference of the two self-linking numbers is well-defined and does not depend on this choice. Clearly the Z-valued obstruction for F ( I(t)) and I(t) to be isotopic in F (via an isotopy projecting to a C 0 -small isotopy in the corresponding solid torus) continuously depends on t.
Finally, a straightforward verification shows that i-stabilization of a transverse knot K corresponds to the addition of 2i negative extra twists to the relative framing of K. Thus the obstruction for F (K i ) to be C 0 -small isotopic to F (K) inside of a thin solid torus in M is equal to −(2i). The isotopy of transverse knots I(t) between K i 1 and K j 2 was chosen to be a C 0 -small approximation for the isotopy pr(I(t)) of unframed knots. Since I(t) is an isotopy of F (K 1 ) to F (K 2 ) in F , we have that the obstruction for F (K 1 ) and F (K i 1 ) to be C 0 -small isotopic in F equals to the obstruction for F (K 2 ) and F (K j 2 ) to be C 0 -small isotopic in F . Thus i = j.
